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Abstract
Nonlocal nonlinear Schro¨dinger model is quantised and exactly solved using the canonical frame-
work. It is found that the usual canonical quantisation of the model leads to a theory with patho-
logical inner product. This problem is resolved by constructing another inner product over the
vector space of the theory. The resultant theory is found to be identical to that of nonrelativistic
bosons with delta function interaction potential, devoid of any nonlocality. The exact eigenstates
are found using the Bethe ansatz technique.
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I. INTRODUCTION
The study of exactly soluble and integrable models in both classical and quantum me-
chanics has been a subject of interest for long. A primary reason behind this interest, even
though such models may or may not always be experimentally realisable, is the fact that it
is possible to construct exact solutions to the model, which provides significant insight into
physics of the model. The nonlinear Schro¨dinger equation, which reads:(
i
∂
∂t
+
∂2
∂x2
)
ψ(x, t) + gψ∗(x, t)ψ(x, t)2 = 0, (1)
is one such well studied integrable model, in both classical as well as quantum framework.
Recently, a variant of this model, called nonlocal nonlinear Schro¨dinger equation was pro-
posed by Ablowitz and Mussliman [1], and its classical dynamics was studied. It was shown,
using the inverse scattering method, that akin to nonlinear Schro¨dinger equation, this model
is also integrable. Further, exact solutions to this model were also constructed. It was also
shown that this model, like many other integrable models, is a member amongst a hierarchy
of integrable models which are called nonlocal nonlinear Schro¨dinger hierarchy.
The aim of this paper is to construct and study this model in the quantum framework.
In particular, the nonlocal nonlinear Schro¨dinger equation shall be interpreted as a field
equation, with the field being a linear operator on a Hilbert space. It is found that, the
usual canonical route of quantisation for this model, leads to a theory with pathological inner
product. This problem is rectified by constructing another inner product over the vector
space. The quantum theory thus obtained is found to be identical to that of nonrelativistic
bosons with delta function interaction. This identification leads one to conclude that the
model is devoid of nonlocality. The exact eigenstates of the model are constructed using the
Bethe ansatz technique.
II. CLASSICAL THEORY
The nonlocal nonlinear Schro¨dinger equation for a complex field ψ(x, t) is given by:(
i
∂
∂t
+
∂2
∂x2
)
ψ(x, t) = 2cψ∗(−x, t)ψ(x, t)2. (2)
The theory is said to be nonlocal, due to the nonlinear term, which depends on both ψ(x, t)
and ψ∗(−x, t). This equation can be derived as an Euler-Lagrange equation from the action
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[2]:
S =
∫
dtdxL , (3)
L = ψ∗(−x, t)
(
i
∂ψ(x, t)
∂t
+
∂2ψ(x, t)
∂x2
)
− c (ψ∗(−x, t)ψ(x, t))2 . (4)
Canonically conjugate momentum corresponding to ψ(x, t) is given by π(x, t)[3]:
π(x, t) =
∂L
∂ψt(x, t)
= iψ∗(−x, t). (5)
This allows one to construct the Hamiltonian for the theory, through the Legendre transform
from the above action [2]:
H =
∫ ∞
−∞
dxH , (6)
=
∫ ∞
−∞
dx
(
−iπx(x, t)ψx(x, t)− c(π(x, t)ψ(x, t))
2
)
. (7)
The fundamental equal time Poisson brackets for the dynamical fields ψ(x, t) and π(x, t) are
given by:
{ψ(x, t), π(y, t)} = δ(x− y), (8)
{ψ(x, t), ψ(y, t)} = 0, {π(x, t), π(y, t)} = 0. (9)
It can be checked that (2) indeed can be obtained as an evolution equation for ψ(x, t):
ψt(x, t) = {ψ(x, t), H}, using the above Hamiltonian. As mentioned earlier, it was shown
by Ablowitz et. al. [1], using inverse scattering theory, that this theory is integrable (in the
sense of Liouville). This means that the theory admits an infinite set of conserved quantities
(such that their mutual Poisson brackets are vanishing), first few of which are as below:
N = −i
∫ ∞
−∞
dx ψ(x, t)π(x, t), (10)
P =
∫ ∞
−∞
dx π(x, t)ψx(x, t), (11)
H =
∫ ∞
−∞
dx
(
−iπx(x, t)ψx(x, t)− c(π(x, t)ψ(x, t))
2
)
. (12)
These conserved quantities generate transformations on the dynamical fields ψ(x, t) and
π(x, t), and hence on any function of these dynamical fields. The infinitesimal transformation
generated by a conserved quantity Q (also called the conserved charge) on some dynamical
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variable O is defined by δQO(ψ(x, t), π(x, t)) = ǫ{O,Q}, where ǫ is a real infinitesimal. It
can be checked that the transformations generated, by the above mentioned charges are such
that, the action (in the first order form):
S =
∫
dxdt (π(x, t)ψt(x, t)− H ) , (13)
remains invariant: δS = 0 [4]. It is possible to give a converse argument for the existence
of the conserved charges. It can be stated that the action of the theory is such that,
it remains invariant under continuous transformations, as defined above. The celebrated
Noether theorem then states there must exist corresponding conserved charges [2], and it
can be easily seen that these are indeed the ones mentioned above.
The transformations generated by N are phase transformations: δNψ(x, t) = −iǫψ(x, t)
and δNπ(x, t) = iǫπ(x, t), and hence it can be said that, the invariance of action of the
theory under these phase transformations implies existence of N as a conserved charge. In
a first quantised framework, existence of such a conserved charge in a different model was
also noticed in Ref. [5].
Similarly, existence of conserved field momentum P , clearly implies that the theory is in-
variant under spatial translations x → x+ constant, since P generates spatial translations:
δPψ(x, t) = ǫ{ψ(x, t), P} = ǫψx(x, t). The role of P is analogous to that of H which gener-
ates temporal translations. This result is particularly important since, spatial translational
invariance of the theory is difficult to immediately see from equation (2) itself.
III. QUANTUM THEORY
Construction of quantum theory following the canonical route is straightforward, and
begins by postulating existence of field operators on an assumed Hilbert space, such that
following canonical commutation relations hold:
[ψ(x, t), π(y, t)] = iδ(x− y), (14)
[ψ(x, t), ψ(y, t)] = 0, [π(x, t), π(y, t)] = 0. (15)
Here, as argued by Dirac [6], π(x, t) is given by iψh(−x, t), where ψh stands for Hermitean
conjugate of ψ. These commutation relations imply that, the quantum theory is going to be
a theory of interacting bosons. One can similarly go ahead and quantise the theory using
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anticommutators, to have a theory of interacting fermions. However, in this paper, the
discussion will only be confined to the bosonic case. It must be noted that, corresponding to
the conserved charges found in the classical case, there exists appropriate (normal ordered)
operators in the quantum case. Let the Fourier transforms of field operators (at t = 0) be
given by:
ψ(x, 0) =
∫
dp
2π
eipxa−(p), (16)
π(x, 0) = i
∫
dp
2π
e−ipxa+(p). (17)
It must be pointed out that, in the case of nonlinear Schro¨dinger equation, since −iπ(x, t)
and ψ(x, t) are adjoint of each other, it turns out that a+ and a− get related by the adjoint
operation: ah+(p) = a−(p). However, in this case, it can be easily seen that, these operators
get related in a peculiar way under adjoint operation: ah+(p) = a−(−p). This leads to
pathology in the construction of quantum theory, as it will be soon apparent. Working with
operators a+(k) and a−(k) makes the quantum treatment more transparent, since these obey
following algebra:
[N, a−(p)] = −a−(p),
[N, a+(p)] = a+(p),
[a−(p), a+(q)] = 2πδ(p− q),
(18)
where N =
∫
dp
2pi
a+(p)a−(p). Owing to this algebra, one can now interpret conserved charge
N as the number operator, whereas a+ as the particle creation and a− as particle annihilation
operators. Hamiltonian can now be expressed as:
H = H0 + V,
H0 =
∫
dp
2π
wpa+(p)a−(p),
V = 2πc
∫
dp1
2π
dp2
2π
dp3
2π
dp4
2π
δ(p1 + p2 − p3 − p4)a+(p1)a+(p2)a−(p3)a−(p4).
(19)
Interestingly, since [N,H0] = 0, the eigenstates for number operator N as well as that of the
free Hamiltonian H0 can be easily constructed, using algebra (18) by repeated application
of creation operator a+(k) on the vacuum state |vac〉. Further, since N and H commute,
it implies that using the states of Fock space (the eigenspace of H0 and N), it would be
possible to construct eigenstates of H . One simple way of realising this, is by using the
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Lippmann-Schwinger equation [7] to construct the “in” eigenstates of the total Hamiltonian
H from the knowledge of n-particle Fock state:
|Ψ(k1, · · · , kn)〉 =
∞∑
l=0
(G0(wk)V )
l |k1, · · · , kn〉, (20)
where G0 is the free particle Green’s function operator:
G0(w) =
1
w −H0 + iǫ
, (21)
and |k1, · · · , kn〉 = a+(k1) · · · a+(kn)|vac〉 is n-particle Fock state with energy wk = (k
2
1 +
· · ·+ k2n) and momentum (k1 + · · ·+ kn).
In this approach, inorder to construct the eigenstates of H , the knowledge of the Fock
space is essential. As mentioned earlier, the Fock space can be constructed from the vacuum
state by repeated application of creation operator. However, since creation and annihilation
operators are connected by adjoint operation in a peculiar manner, it turns out that the
Fock space has a pathology, for all the states apart from vacuum. This can be clearly seen
by looking at single particle sector, which is obtained by action of creation operator a+(p) on
vacuum |vac〉. Vacuum is assumed to be a unit normalised state such that: a−(p)|vac〉 = 0.
The inner product between two single particle states is given by:
〈p|q〉 =〈vac|ah+(p)a+(q)|vac〉
=〈vac|a−(−p)a+(q)|vac〉
=2πδ(p+ q).
Thus the norm of a single particle state |p〉 is given by: 〈p|p〉 = 2πδ(2p). Note that state |p〉
is a momentum eigenstate with nonvanishing eigenvalue p. So one finds that, all the single
particle states are zero normed: 〈p|p〉 = 0, for all p 6= 0. However, by definition, a zero
normed vector is the one, which is orthogonal to all the vectors including itself. Note that
although state |p〉 is zero normed, it is not orthogonal to all the vectors, since 〈p| − p〉 6= 0.
The same argument can be easily extended to multiparticle states as well. This essentially
means that the inner product defined over the Fock space, following Dirac [6], is pathological.
Redefinition of inner product
Above one saw that the Fock space of the theory, has a pathological inner product.
Inorder to cure the issue, and salvage the quantum theory, the approach originally due to
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Heisenberg [8–10] is followed in this paper. It rests on the idea that, problems related to
normalisation can be resolved by working with a different norm. This new inner product
is defined as: 〈A|B〉O = 〈A|O|B〉, where O is a suitable operator, chosen in such a manner
that the vector space becomes a Hilbert space with respect to this inner product. It turns
out that this approach can be successfully used in the present case as well.
Let P-inner product between two states be defined as: 〈A|B〉p = 〈A|P|B〉, where the
operator P is the parity operator. Parity operator P is a unitary operator, defined such
that:
Pψ(x, t) = ψ(−x, t)P and Pπ(x, t) = π(−x, t)P.
Further, P|vac〉 = 0 and P−1 = P. From above it follows that: Pa+(p) = a+(−p)P and
Pa−(p) = a−(−p)P.
With this definition, it is straightforward to see that:
〈p|q〉p = 〈p|P|q〉
= 〈p| − q〉
= 2πδ(p− q). (22)
This shows that the single particle states are positive normed states with respect to P-
inner product, and form an orthonormal set. Thus the problem of zero-normed states and
orthogonality stands resolved.
Since the definition of adjoint of an operator is with respect to a given inner product,
working with P- inner product leads to identification of corresponding P-adjoint of a given
operator. A P-adjoint Op of a given operator O is given by: Op = POhP. Amusingly,
with this definition, one immediately sees that ap+(q) = a−(q) and a
p
−(q) = a+(q). Thus
both N and H become P-Hermitean, that is, Hp = H and Np = N . The construction of
alternative inner products in quantised theories, in particular, involving discrete symmetries
has been studied in detail; and also continues to be an area of research (for example see Ref.
[11] and [12]; and references therein). Existence of Hermiticity of N and H is particularly
welcoming since it implies that both these observables have real eigenvalues. Further, since
ψh(−x, t) = ψp(x, t), it turns out that: [ψ(x, t), ψp(y, t)] = δ(x− y).
For brevity, in what follows, this simple notation for creation and annihilation operators
is employed: a−(p) ≡ a(p) and a+(p) ≡ a
p(p). This allows the Hamiltonian (19) to be
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rewritten as:
H = H0 + V,
H0 =
∫
dp
2π
wpa
p(p)a(p),
V = 2πc
∫
dp1
2π
dp2
2π
dp3
2π
dp4
2π
δ(p1 + p2 − p3 − p4)a
p(p1)a
p(p2)a(p3)a(p4).
(23)
Above expression is an important result, since it essentially means that, this theory is
actually that of Bose gas with delta function interaction [13]. This can be seen as follows:
the free Hamiltonian H0 part simply counts the energy of nonrelativistic bosons occupying
each mode. Whereas the interaction term can be written as:
V = c
∫
dxdy ρ(x, t)δ(x− y)ρ(y, t), (24)
where ρ(x, t) = ψp(x, t)ψ(x, t) is particle number density, i.e., N =
∫
dxρ(x, t). This clearly
shows that, the bosons interact via a pairwise delta function potential. Thus this theory
is actually a theory of bosons interacting via a delta function potential with one another.
Interestingly, one finds from (23) that the equation of motion for operator ψ is:(
i
∂
∂t
+
∂2
∂x2
)
ψ(x, t) = 2cψp(x, t)ψ(x, t)2. (25)
This means that the quantum theory of nonlocal nonlinear Schro¨dinger equation and that
of nonlinear Schro¨dinger equation are infact identical. This result is particularly interesting,
since it essentially means that this quantum theory has no nonlocal features, as the classical
equation (2) might convey at the first sight.
It is well known that the quantum theory of nonlinear Schro¨dinger equation is exactly
soluble via Bethe ansatz [13, 14]. With this knowledge at hand, exact solution for nonlocal
nonlinear Schro¨dinger equation theory can be written easily. Infact, it is straightforward to
check that, the exact two particle “in” eigenstate of H , by exactly evaluating (20), is given
by:
|Ψ(k1, k2)〉 = −
∫
dx1dx2
[
θ(x1 − x2) + θ(x2 − x1)e
i∆(k2−k1)
]
ei(k1x1+k2x2)π(x1)π(x2)|vac〉,
(26)
where k1 < k2. Here, e
i∆(k2−k1) = k2−k1−ic
k2−k1+ic
, and it is assumed that c > 0. It can be shown
that, above state becomes the exact two particle “out” state when k1 > k2, so that the exact
two particle S-matrix is ei∆(k2−k1). The energy eigenvalue of both these states turn out to
8
be k21 + k
2
2. Above result for two particle can be generalised for N-particles using the Bethe
ansatz technique. Thus the exact N-particle state with energy
∑N
i=1 k
2
i is given by:
|Φ(k1, · · · , kN)〉 =(−i)
N
∫ ( N∏
i=1
eikixidxi
)
×
∏
i<j≤N
(
1−
ic
ki − kj
ǫ(xi − xj)
)
× π(x1) · · ·π(xN)|vac〉, (27)
where ǫ(x) is the signum function. Using similar approach it is possible to construct the
exact N-particle states when c < 0, that is, when the delta function potential is attractive.
In such case, it can be shown that the theory admits bound states [14].
IV. CONCLUSION
In this paper, quantum theory of nonlocal nonlinear Schro¨dinger equation is constructed
and studied. It is observed that usual straightforward canonical route of construction leads
to a theory with pathological inner product. By redefining the inner product over the vector
space, this problem is successfully overcomed. The resultant theory obtained is found to
be equivalent to the quantum theory of nonrelativistic bosons interacting via delta func-
tion potential. This allows one to conclude that the quantum theory of nonlocal nonlinear
Schro¨dinger equation has no nonlocal features. Further, using the theory’s equivalence to
that of delta function Bose gas, the theory is shown to be exactly soluble, and exact eigen-
states are found using the Bethe ansatz technique.
A given relativistic quantum field theory of some field φ, is said to be local iff it obeys
the microcausality condition: [φ(x), φ(y)] = 0 for all x and y such that (x−y)2 < 0 [9]. This
condition essentially means that the field at two points outside light cone of one another,
can be accurately measured, since the effect of one measurement on the other can not travel
faster than the speed of light in a local theory. Unfortunately, in the nonrelativistic quantum
field theory, such a condition does not exist, due to obvious reason. The authors are of the
opinion that, the locality of a theory should hence be judged by looking at the nature of
interaction potential amongst the particles. This view is in agreement with the case of
quantum electrodynamics in the Coulomb gauge, where the existence of instantaneous long
range Coulomb potential makes the theory nonlocal [15].
While the quantised theory is found to be devoid of nonlocality, the classical equation
of motion for the dynamical fields remain nonlocal. Implications of this in the semiclassical
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regime of quantised theory requires careful examination. The quantum theory studied here
can be naturally generalised to finite density and finite temperature conditions. Using
similar approach, it should be possible to construct fermionic theory of nonlocal nonlinear
Schro¨dinger equation as well.
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